HOLOMORPHIC MAPS BETWEEN GENERALIZED 
COMPLEX MANIFOLDS 



liviu ornea and radu pantilie 
Abstract 

We introduce a natural notion of holomorphic map between generalized com- 
plex manifolds and we prove some related results on Dirac structures and 
generalized Kahler manifolds. 

Introduction 



The generalized complex structures [12] , [E] contain, as particular cases, the 
complex and symplectic structures. Although for the latter structures there ex- 
ist well known definitions which give the corresponding morphisms (holomorphic 
maps and Poisson morphisms, respectively), it still lacks a suitable notion of holo- 
morphic map with respect to which the class of generalized complex manifolds to 
become a category. 

In this paper we introduce such a notion (Definition 14.41 . below) based on the 
following considerations. Firstly, holomorphic maps between generalized complex 
manifolds should be invariant under B -field transformations. This is imposed by 
the fact that the group of (orthogonal) automorphisms of the Courant bracket 
(which defines the integrability in Generalized Complex Geometry) on a manifold 
is the semidirect product of the group of diffeomorphisms and the additive group 
of closed two-forms on the manifold ^i2\ . Secondly, by \12l , underlying any linear 
generalized complex structure there are: 

• a linear Poisson structure (that is, a constant Poisson structure on the 
vector space; see Section [T]), and 

• a linear co-CR structure (that is, a linear CR structure on the dual vector 
space; see Section [3]), 

both of which are preserved under linear 5-field transformations. Moreover, these 
two structures determine, up to a (non-unique) linear 5-field transformation, the 
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given generalized linear complex structure; furthermore, if we choose a compatible 
linear /-structure (Definition 13.11 ) then there exists a distinguished linear S-field 
transformation with this property (see Proposition 13.31 ). It follows that a linear 
map is generalized complex (Definition 13.41 ) if and only if, up to linear 5-fields 
transformations, it is an /-linear Poisson morphism between linear generalized 
complex structures in normal form (Proposition 13.51 ). 

A holomorphic map between generalized (almost) complex manifolds is a map 
whose differential is generalized complex (Definition 14.41 ). Then, essentially, all 
of the above mentioned (linear) facts hold, locally, in the setting of generalized 
complex manifolds (Theorem 14.31 and Proposition 14.51 ). 

The first examples are the classical holomorphic maps, the Poisson morphisms 
between symplectic manifolds and their products (Example 14.61 ). 

Other large classes of natural examples can be obtained by working with com- 
pact Lie groups (Examples 14.71 and 14.81 ). 

Further motivation for our notion of holomorphicity comes from generalized 
Kahler geometry. For example, if {g, b, J+, J_) is the bi-Hermitian structure cor- 
responding to a generalized Kahler manifold {M, Li, L2) then the holomorphic 
functions of (M, Li) and (M, L2) are the bi-holomorphic functions of (M, J+, J_) 
and {M, —J^) , respectively (Remark 15.11 ). Other natural properties of the 
holomorphic maps between generalized Kahler manifolds are obtained in Sections 
|5] and [6] (Remark I5.6r 2) and Corollaries 16.71 . 16.81 ) . 

Along the way, we obtain results on generalized Kahler manifolds, such as the 
factorisation result Theorem 16. 101 : see, also. Corollaries 15.71 . 16731 and l6^ . the first 
of which is a significant improvement of [21 Theorem A] . 

The paper is organized as follows. In Section [T], after recalling [TU] some basic 
facts on linear Dirac structures, we give explicit descriptions (Proposition II. 31 ) for 
the pull-back and push-forward of a linear Dirac structure, which we then use to 
show that any linear Dirac structure is, in a natural way, the pull-back of a linear 
Poisson structure (Corollary 11.51 : cf. [7] , [8] ), which we call the canonical (linear) 
Poisson quotient (cf. ^ ), of the given linear Dirac structure. The smooth version 



(Theorem 12.31 : cf. [lO] , [Z] , [H] ) of this result is proved in Section [2] together with 
some other results on Dirac structures. For example, there we show (Corollary 
12.51 ) that, locally, any regular Dirac structure is, up to a -B- field transformation, 
of the form 'f © Ann('^) , where is (the tangent bundle of) a foliation. 

In Section |3], we introduce the notion of generalized complex linear map, along 
the above mentioned lines. It follows that two generalized linear complex struc- 
tures Li and L2 , on a vector space V, can be identified if and only if L2 is the 
linear 5-field transform of the push-forward of Li , through a linear isomorphism 
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of V (Corollary 13.61 ). Also, we explain (Remark 13.71 ) why another definition of 
the notion of generalized complex linear map is, in our opinion, inadequate. 

In Section H], we review some basic facts on generalized complex manifolds and 
we introduce the corresponding notion of holomorphic map. It follows that if 
a real analytic map (p , between real analytic regular generalized complex mani- 
folds, is holomorphic then, locally, up to the complexification of a real analytic 
-B-field tranformation, the complexification of (f descends to a complex analytic 
Poisson morphism between canonical Poisson quotients (Proposition 14. 101 ) . Also, 
we show that the pseudo-horizontally conformal submersions with minimal two- 
dimensional fibres, from Riemannian manifolds, provide natural constructions of 
generalized complex structures (Example 14.111 ). 

In Section [5], we prove (Theorem 15.31 ) that if {g, b, J+, J_) is the bi-Hermitian 
structure corresponding to a generalized Kahler structure and we denote = 
ker(J+ =p J_) then the following conditions are equivalent: 

• integrable; 

• geodesic; 

• ,Jif^ holomorphic, with respect to J+ or J_ . 

It follows that, under natural conditions, the holomorphic maps between gener- 
alized Kahler manifolds descend to holomorphic maps between Kahler manifolds 
(Remark 15.61 ). Also, we classify the generalized Kahler manifolds M for which 
TM = J^+® jr- (Corollary O). 

In Section E], we describe, in terms of tamed symplectic manifolds (see Defini- 
tion 16.11 ) the generalized Kahler manifolds for which either or Jif_ is zero; 
the obtained result (Theorem 16.21 ) also appears, in a different form, in pj^j . Also, 
in Corollary 16.31 . we prove a factorisation result for generalized Kahler manifolds 
with an integrable distribution and = (or + = and an 
integrable distribution); see, also, Corollarv 16.41 for a similar result and Theorem 
16.101 for a generalization. 

Furthermore, we explain how the associated holomorphic Poisson structures 
of [15] fit into our approach (Theorem 16.51 . Remark 16. 6p . we deduce some con- 
sequences for holomorphic diffeomorphisms (Corollary 16.71 ). and we show that, 
under natural conditions, the holomorphic maps between generalized Kahler man- 
ifolds are holomorphic Poisson morphisms (Corollary 16.81 ). 

1. Linear Dirac structures 

In this section we recall ( [10] ; see [7] , [8] , [12] ) some basic facts on linear Dirac 
structures. 

Let be a (real or complex, finite dimensional) vector space. The symmetric 
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bilinear form < ■ , ■ > onV(BV* defined by 

< u + a,v + (3 >= I {a{v) + f3{u)) , 

for any u + a,v + (3EVQ)V*, corresponds, up to the factor | , to the canonical 
isomorphism V © V*^^(y © V*) * defined by m + a i — > a + u , for any u + a G 
V Q) V* . In particular, < -,■ > is nondegenerate and, if V is real, its index 
is dim V . Thus, the dimension of the maximal isotropic subspaces of V (B V* 
(endowed with <-,■>) is equal to diml^. 

Definition 1.1 ([IH])- A linear Dirac structure on is a maximal isotropic 
subspace ofV®V*. 

If 6 is a bilinear form on V then we shall denote by the same letter the corre- 
sponding linear map from V to V*; thus, b{u){v) = b{u, v) , for any u ,v E V. 
Let E C V he a. vector subspace and let e E A'^E*; denote 

L{E, e) = {u + a\u E E , a\E = ^iu) } . 

From the fact that e is skew-symmetric it follows easily that L{E,e) is isotropic. 
Also, L{E,0) = E®Ann{E) , where Ann(E) = {a E V*\a\E = O} . 

We shall denote by vr and *tt the projections from V (B V* onto V and V*, 
respectively. Also, if L ^ V (B V* then L-^ denotes the 'orthogonal complement' 
of L with respect to < ■, ■ > . 

Proposition 1.2 ( (TU] ). Let L be an isotropic subspace of V (BV* and let E = 
7r(L). 

Then there exists a unique e E h?E* such that L C L{E,e) . In particular, if 
L is a linear Dirac structure then L = L{E,e) . Furthermore, V Ci L = keie and 
*Tx{L) = AnniVnL) . 

Let L be a linear Dirac structure on V. If *tt{L) = V* then L is called a linear 
Poisson structure (see [TU] ). By Proposition ll.2l . if L is a linear Poisson structure 
then L = L{V*,r]) for some bivector rj E A'^V (cf. [21] ). 

Let V and W be vector spaces endowed with linear Dirac structures Ly and 
LvK, respectively, and let / : V — )■ be a linear map. Denote 

f,{Ly) = {f{X) + r^\X + f*{r^)ELy], 
f*{Lw) = {X + f*ir]) I /(X) + veL^.}. 
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Proposition 1.3. Let f : V ^ W be a linear map. Let L{E,e) and L{F,ri) be 
linear Dirac structures on V and W , respectively. Then 

ML{E,e)) = L{f{{EnkeTf)^^),e) , 

r{LiF,r^))=L{r\F)J*ir^)) , 

where e is characterised by f*{e) = e on [E (1 keif)^^ . 

Proof. It is easy to prove that f\{Lv) and f*{Lw) are isotropic subspaces of 
W ®W* andV ®V*, respectively. 

Next, we sliow tliat there exists a unique two-form e on /((-E fl ker/)-*-^) such 
that f*{e) = e on (i? H ker/)^=. For this, it is sufficient to prove that if Xi,X2 G 
{E n ker/)^- are such that /(Xi) = /(X2) then e{Xi,Y) = e{X2,Y) , for any 

Y e {En ker/)^^ Now, if Xi,X2 e {E n ker/)^% then Xi,X2 G E and, as 
Xi - X2 G ker/, we have e(Xi - X2, F) = , for any Y e {E n ker/)^^ 

Thus, to complete the proof it is sufficient to show that 

ML{E,e))^L{f{{EnkeTf)^^),e) , 

r{L{F,v))^L{r\F),r{v)) . 

Let Y + ^ G L(/((Enker/)^=),e) ; equivalently, there exists X G (Enker/)-^^ 
such that /(X) = Y and ^(/(X')) = ^(/(X), /(X')) , for any X' e {E n ker/)^^ 

We claim that F + ^ G f^[L{E,e)) ; equivalently, there exists X G {Edkerf)-^' 
such that /(X) = Y and ^(/(X')) = e(X, X') , for any X' e E . 

It is easy to prove that, if X G {E Ci keif)-^" is such that /(X) = Y, then 
^(/(X')) = e{X, X') , for any X' E {E D ker/) U {E n ker/)^- . 

It follows that, for any X G (-E fl kerf)-^^ with /(X) = Y, there exists 
Xi G ker(£|i5nker/) such that ^{f{X')) = e{X + Xi,X'), for any X' e E ; 
as, then, we also have Xi G {En keif)^^ and /(Xi) = 0, this shows that 

Y + ^ = f{X + X,)+^eULv). 

To prove the second relation of ([n]) , let X + ^ G L{f~\F), /*(//)) ; equiv- 
alently, /(X) G F and ^(^0 = r/(/(X), /(X')) for any X' G /-^(F) . As 
f-~\F) D ker/, there exists ^ in the dual of f{V) such that ^ = /*(0 • Ob- 
viously, we can extend ^ to an one-form on W, which we shall denote by the 
same symbol ^, such that ^{Y) = ri{f{X),Y), for any Y E F; equivalently, 
/(X) +ie L{F, r]) . Therefore X + ^ = X + /*(0 G /* {L{F, r])) . 

The proof is complete. □ 

Definition 1.4 (see [7] , |8] , [I2] ). Let V and W be vector spaces endowed with 
linear Dirac structures Ly and L^ , respectively, and let f : V ^ W he a. linear 
map. 
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Then f*{Lv) and f*{Lw) are called the push forward and pull back, by f , of 
Lv and Lw , respectively. 

Note that, if / : (V, Ly) — )■ {W, Lw) is a linear map between vector spaces en- 
dowed with linear Poisson structures then the following assertions are equivalent 
(see [7], [8]): 

(i) / is a linear Poisson morphism (that is, f{rjv) = f]w, where rjv and rjw 
are the bivectors defining Ly and Lw, respectively; see [21] ). 

(ii) f^{Lv) = Lw- 

From Proposition 11.31 . we easily obtain the following result. 

Corollary 1.5 (cf. [7] , [S] ). Let V be a vector space endowed with a linear Dirac 
structure L = L{E,e) . Let W = here and denote by ip : V ^ V/W the projec- 
tion. 

Then L = (p*{(f^{L)) and f*{L) is a linear Poisson structure on V/W . 

2. Dirac structures 

In this section, we shall work in the smooth and (real or complex) analytic 
categories. All the notations of Section [T] will be applied to tangent bundles of 
manifolds and to (differentials of) maps between manifolds. 

Definition 2.1 ( [lOj ). An almost Dirac structure on a manifold M is a maximal 
isotropic subbundle of TM © T*M. 

An almost Dirac structure is integrable if it's space of sections is closed under 
the Courant bracket defined by 

[X + a,Y + (3] = [X, Y] + l d{Lxf3 - Lya) + Lxdf3 - tyda , 

for any sections X -\-a and Y + (3 oi TM © A(T*M) , where t denotes the interior 
product. 

A Dirac structure is an integrable almost Dirac structure. 

Let L be a Dirac structure on M. If 7r(L) = TM then L is a presymplectic 
structure whilst if *tt{L) = T*M then L is a Poisson structure [10] (cf. [21] ). 

Recall |10[ §4] that a point of a manifold endowed with an almost Dirac struc- 
ture L is called regular if, in some open neighbourhood of it, vr(L) and *vr(L) are 
bundles. 

The following result follows from the fact that it is sufficient to be proved for 
maps of constant rank between manifolds endowed with regular almost Dirac 
structures. 
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Proposition 2.2. Let M and N he manifolds endowed with the almost Dirac 
structures Lm and Ln, respectively. Let ip : M ^ N he a map which maps 
regular points of Lm to regular points of Ln . 

(i) If Lm is integrahle, lp^:{Lm) = Lj^ and ip is surjective then L^ is integrahle. 

(ii) If Ln is integrahle and (f*{L]\f) = Lm then Lm is integrahle. 

Next, we prove the following result. 

Theorem 2.3 (cf. [lU] , [Z] , [S] )• Let L he a Dirac structure on M such that *n{L) 
is a suhhundle ofT*M. Then, locally, there exist suhmersions ip on M such that 
ip^{L) is a Poisson structure and L = ip*{ip^:{L)) ; moreover, these suhmersions 
are (germ) unique, up to Poisson diffeomorphisms of their codomains. 

Proof. By hypothesis, TM fl L is a subbundle of TM. Furthermore, as L is 
integrahle, TM fl L is (the tangent bundle to) a foliation. 

Let F = *n{L) and let rj be the section of A^F* such that L = L{F,r]) . Note 
that, F[= Ann(TM n L)) is locally spanned by the differentials of functions 
which are basic with respect to TM fl L . 

Let / and g be functions, locally defined on M, such that df and dg are 
sections of F. Then there exists vector fields X and Y, locally defined on M, 
such that X + df and Y + dg are local sections of L ; in particular, we have 
r]idf,dg)=Xig) = -Y{f). Hence [X + df,Y + dg] = [X, F] + d(r/(d/, d(?)) and 
we deduce that rj{df, dg) is basic with respect to TM n L . 

The proof follows quickly from Corollary 11.51 and Proposition 12.21 . □ 

Under the same hypotheses, as in Theorem 12.31 . we call <p*{L) the canonical 
(local) Poisson quotient of L . 
Next, we prove the following (cf. [10, Proposition 4.1.2] ). 

Proposition 2.4. Let L = L{E,e) he a Dirac structure on M and let x & M he 

a regular point of L; denote hy P the leaf of E through x. 

Then for any suhmanifold Q of M transversal to E, such that x E Q and 
dimQ = dimM — dimP, there exists a suhmersion p from some open neigh- 
hourhood U of x in M onto some open neighhourhood V of x in P such that 
p*(L|f/) = L{TV,e\v) and the fihre of p through x is an open set of Q . 

Proof. From Theorem 12.31 it follows that we may assume L a Poisson structure. 

If we ignore the fact that the fibre of p through x is fixed then the proposition 
is a consequence of [2l[ Corollary 2.3] and Proposition 11.31 . To complete the 
proof just note that in the proof of [211 Theorem 2.1] (and, consequently, of pit 
Corollary 2.3] , as well), at each step, the two functions involved may be assumed 
constant along Q. □ 
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Recall (see [12] , [7] ) that any closed two- form B on M corresponds to a. B- 
field transformation which is the automorphism of TM © T*M, preserving the 
Courant bracket, defined by 

exp{B){X + a) = X + B{X) + a 

for any X + a G TM © T*M, where, as before, we have identified B with the 
corresponding section of Hom(TM, T*M) . It is easy to prove that if L = L{E, e) 
is an almost Dirac structure on M then exp(i?)(L) = L{E,e + B\e) ■ 

Corollary 2.5. Let L be a regular Dirac structure on M; denote E = vr(L) . 
Then, locally, there exist two-forms B on M such that exp(i?)(L) = E (B AnnE. 

Proof. By Proposition 12.41 . locally, there exist submersions p : M ^ P onto 
presymplectic manifolds (^P, L{TP,u)) such that p*{L) = L(TP,uj) . 

Then B = —p*[uj) is as required. □ 

We end this section with the following result which will be used later on. 

Proposition 2.6. Let : {M,Lm) — ^ -^iv) be a Poisson morphism, of con- 
stant rank, between regular Poisson manifolds such that dip{EM) ^ En , where 
Em and En are the (symplectic) foliations determined by Lm and Ln , respec- 
tively. 

Then, locally, there exist submersions p : M ^ (P, u) and a : N ^ {Q, r]) onto 
symplectic manifolds, and a Poisson morphism ip : {P,uj) — )■ {Q,ri) such that: 

(i) TM = Em © ker dp and p,{Lm) = L{TP, co) ; 

(ii) TN = En © ker da and a^,{LN) = L(TQ,ri) ; 

(iii) a o (p = ip o p . 

Proof. From Proposition 11.31 we obtain that dip{EM) = En ■ As, locally, (p is the 
composition of a submersion followed by an immersion, it follows that we may 
assume that is a surjective submersion. 

By Proposition 12.41 . locally, there exists a submersion a : M — )■ {Q,ri) onto a 
symplectic manifold such that assertion (ii) is satisfied. 

Let be the distribution on M generated by all of the Hamiltonian vector 
fields determined by m o cr o , with u a function on Q ; obviously, C Em ■ 
Then arguments similar to the inductive step of the proof of Theorem 2.1] 
show that: 

(a) y is a. foliation mapped hj a o ip onto TQ ; 

(b) 'V and Em H ker dip are nondegenerate and complementary orthogonal 
with respect to the symplectic structure um of Em 

(c) Um restricted to Y is projectable (onto rj ) with respect to a o ip-^ 



HOLOMORPHIC MAPS BETWEEN GENERALIZED COMPLEX MANIFOLDS 9 



(d) ojm restricted to Em H ker dip is projectable with respect to Y . 

Consequently, {Em,ujm) induces on any fibre M' of a o a Poisson structure 
L' sucli tliat, locally, {M,Lm) is the product of {M',L') and (^Q, L{TQ,r])) . 

By Proposition 12.41 . locally, there exists a submersion p' : M' — )■ (P', u') such 
that ker dp' © (Em n TM') = TM' and p'^{L') = L{TP', to') . 

If we define (P, co) = (P', u') x {Q, r]) , p = p' x a and ip : P ^ Q the projection 
then it is easy to see that p , a and ip are as required. □ 

3. Generalized complex linear maps 

Let be a (real) vector space. A linear CR structure on y is a complex vector 
subspace C of such that C n C = {0} . 

Dually, a linear co-CR structure on \^ is a complex vector subspace C of V'^ 
such that C + C = V^ . 

A complex vector subspace of V'^ is a linear co-CR structure if and only if its 
annihilator is a linear CR structure. 

Note that, the eigenspaces of a linear complex structure are both linear CR 
and co-CR structures. 

A linear f -structure on M is an endomorphism F oiV such that P^ + P = . 
Any linear /-structure corresponds to a pair formed of a linear CR structure C 
and a linear co-CR structure D , which are compatible [18] ; these are given by 
C = V^'^ and D = (B V^'^, where and V^'^ are the eigenspaces of P corre- 
sponding to and i , respectively. 

Note that, a linear map t : (V, Py) — )■ (VF, Fw) between vector spaces endowed 
with linear /-structures satisfies t o Fy = Pvk o t if and only if t{Cv) C Cw and 
t{F>v) ^ , where Cy and Dy {Cw and Dw) are the linear CR and co-CR 
structures, respectively, corresponding to Py (Piy); equivalently, t is f -linear if 
and only if it is CR linear and co-CR linear [TB] . 

A linear generalized complex structure on is a maximal isotropic subspace 
L = L{E,e) of ®{V^y such that L n I = {0} tl2j , ^14] ; equivalently, E is 
a linear co-CR structure and Im(e|^p-g) is nondegenerate [12] . 

If L = L{E,e) is a linear generalized complex structure then we call E and 
L(P n P, Im(£:|gp|-g)) t/ie associated linear co-CR and Poisson structures, respec- 
tively. 

Definition 3.1. A linear /-structure P and a two-form on \^ are compatible if 
a;|yo is nondegenerate and ker a; = V^'^ © V^'^. 

We say that a linear generalized complex structure L on is in normal form 
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if there exist a linear /-structure on V and a compatible two-form oo with respect 
to which L = L{V^® V^i'O, i to) . 

Remark 3.2. 1) Let L be a linear generalized complex structure on V. Denote 
by the linear complex structure onV(BV* whose eigenspace corresponding to i 
is L . Then the bivector corresponding to the linear Poisson structure associated 
to L is TTo {J\v*) [I] . 

2) Let L = L(y^ © V^'^^jiu^ be a linear generalized complex structure in 
normal form, determined by the compatible linear /-structure F and two-form 
u . Then the linear Poisson structure associated to L is L(y^,ijj) ; denote by rj 
the corresponding bivector. Furthermore, if J7 is the linear complex structure on 
V (BV* whose eigenspace corresponding to i is L , then (cf. [I2] ) 

where (■)* denotes the transposition. 

In the terminology of [12] , we have that L is the product of a complex vec- 
tor space and a symplectic vector space. However, in the smooth category, the 
corresponding two notions are no longer equivalent. 

The next result (which reformulates [121 Theorem 4.13] ) shows that any linear 
generalized complex structure is determined, up to a linear S-field transforma- 
tion, by its associated linear co-CR and Poisson structures. 

Proposition 3.3. Let L be a linear generalized complex structure on V and let 
F be a linear f -structure on V such that tt{L) is the linear co-CR structure 
associated to F. 

Then there exists a unique B G h?V* such that (expi?)(L) is in normal form, 
with F the corresponding linear f -structure. 

Proof. If L = L{y^ ®V^'^ , then B is characterised by the relations B = —Kee , 
on and B = , on V^'^ and ® V^'°. □ 

Next, we make the following: 

Definition 3.4. A linear map t : V ^ W, between vector spaces endowed with 
linear generalized complex structures Ly and Lw, respectively, is generalized 
complex linear if it is a co-CR linear Poisson morphism, with respect to the 
associated linear co-CR and Poisson structures. 

Note that. Definition 13.41 is invariant under linear 5-field transformations. 
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Proposition 3.5. Let t : V ^ W be a linear map between vector spaces endowed 
with linear generalized complex structures Ly and Lw, respectively. 
Then the following assertions are equivalent: 

(i) if: is generalized complex linear. 

(ii) Up to linear B-field transformations, Ly and L\y are in normal form 
and t is an f -linear Poisson morphism, with respect to the corresponding linear 
f -structures and Poisson structures, on (V, Ly) and {W^ Ly/) . 

(iii) Up to linear B-field transformations, t is the direct sum of a linear 
Poisson morphism, between symplectic vector spaces, and a complex linear map, 
between complex vector spaces. 

Proof. From Proposition 11.31 it follows that it is sufficient to prove (i)^^(ii) . 
Furthermore, if (i) holds then t(^Ey fl Ey) = Ew n E]y. Hence, 

t-^ [Ew n E^) = ker t + [Ey n E/j 

and, consequently, there exist complementary vector spaces V and W of EyHEy 
and E]y fl Ew in V and W, respectively, such that t(y') C W'. 

Then (i)^>(ii) and (ii)^^(iii) follow from Propositions 13.31 and 11.31 . respec- 
tively, whilst (iii)^^(i) is trivial. □ 

Note that, by using Remark 13.2( 2) , assertion (ii) of Proposition 13.51 can be 
formulated in terms of the corresponding linear complex structures of © V^* 
and W © W*. 

The next result is an immediate consequence of Proposition 13.51 . 

Corollary 3.6. Let t : V W be a linear isomorphism between vector spaces 
endowed with linear generalized complex structures Ly and Lyr, respectively. 
Then the following assertions are equivalent: 

(i) t is generalized complex linear. 

(ii) t^(^Ly) = L\Y, up to linear B-field transformations. 

We end this section with the following: 

Remark 3.7. It has been proposed another definition for the notion of gener- 
alized complex linear map by imposing that the product of the graphs of the 
map and of its transpose be invariant under the product of the (endomorphisms 
corresponding to the) generalized linear complex structures, of the domain and 
codomain [11] (see [22] ). 

However this notion is not invariant under linear i?-field transformations as we 
shall now explain. 

Let (V, J) be a complex vector space and let 6 be a two-form on V; denote by 
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Lj the linear generalized complex structure corresponding to J. Then the map 
Idv : (y,Lj) — > (V, L(expb)(Lj)) satisfies the above mentioned condition if and 
only if b is of type (1, 1) , with respect to J. 

Certainly, this inconvenience would be removed if we take this definition up 
to linear 5-field transformations. However, a straightforward calculation shows 
that there are no such maps between symplectic vector spaces U and V with 
dim U — dim V = 2 , a rather unnatural restriction. 

4. HOLOMORPHIC MAPS BETWEEN GENERALIZED COMPLEX MANIFOLDS 

From now on, unless otherwise stated, all the manifolds are assumed connected 
and smooth and all the maps are assumed smooth. 

An almost {co-)CR structure on a manifold M is a complex vector subbundle 
C of T^M such that is a linear (co-)CR structure on T^M, for any x G M. An 
integrable almost (co-)CR structure is an almost (co-)CR structure whose space 
of sections is closed under the (Lie) bracket. A {co-)CR structure is an integrable 
almost (co-)CR structure. 

Note that, the eigenbundles of a complex structure are both CR and co-CR 
structures. 

Let (f : M ^ N he a submersion onto a complex manifold (A^, J) ; denote by 
T^'^^N the eigenbundle of J corresponding to i . Then dy?"^ (T^''^N) is a co-CR 
structure on M. Conversely, any co-CR structure is, locally, obtained this way. 

An almost f -structure is a (1, l)-tensor field F such that + F = . Any 
almost /-structure on M corresponds to a pair formed of an almost CR structure 
C and an almost co-CR structure V , which are compatible [TS] ; these are given 
by C = T^'°M and V = T^M © T^-^M, where T°M and T^'^M are the eigenbun- 
dles of F corresponding to and i , respectively. 

An almost /-structure is (co-)CR integrable if the associated almost (co-)CR 
structure is integrable. An (integrable almost) f -structure is an almost /-structure 
which is both CR and co-CR integrable [18] . 

A map between manifolds endowed with almost (co-)CR structures (/-structures) 
is (co-) CR holomorphic {f -holomorphic) if, at each point, its differential is (co-)CR 
linear (/-linear). 

A generalized almost complex structure on M is a complex vector subbundle 
L of T^M © [T^M]* such that is a linear generalized complex structure on 
TxM, for any x G M. An integrable generalized complex structure is a generalized 
almost complex structure whose space of sections is closed under the (complex- 
ification of the) Courant bracket; a generalized (almost) complex manifold is a 
manifold endowed with a generalized (almost) complex structure [12] , [S] . 
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A point X of a generalized almost complex manifold (M , L) is regular if it is 
regular for the associated almost Poisson structure; equivalently, in some open 
neighbourhood of x, 7r(L) is a complex vector subbundle of T^M (note that, 
then 7r(L) is an almost co-CR structure on M). 

An almost /-structure F and a two form w on M are compatible if u is nonde- 
generate on T°M and lxoj = , for any X E T^'^M © T°'^M. 

A generalized (almost) complex structure L on M is in normal form if L = 
L(T^M (BT^''^M, io;) for some compatible almost /-structure and two- form a; on 
M. Note that, a generalized almost complex structure in normal form is regular. 

Proposition 4.1. Let L = L{T^M © T^'^M^ iui) he the generalized almost com- 
plex structure in normal form, corresponding to the compatible almost f -structure 
F and two- form u on M. 

Then the following assertions are equivalent: 

(i) L is integrable. 

(ii) F is integrable, L{T^M,u) is a Poisson structure and u is invariant 
under the parallel displacement of T^'^M © T^'^M. 

Proof. From [121 Proposition 4.19] it follows quickly that assertion (i) is equivalent 
to the fact that F is co-CR integrable and (dc(;)|roM®ri>oj\/ = 0. Assuming F co- 
CR integrable, the latter condition is equivalent to the fact that L{T^M,u) is a 
Poisson structure, F is CR integrable and {Cxuj)\tom = for any vector field X 
tangent to T^'^M © T°'^M, where C denotes the Lie derivative. □ 

A generalized complex structure in normal form L(T^M Q)T^'^M, icj) is special 
if T^'°M © T^'^M is integrable (note that, an /-structure F has this property if 
and only if [F, F] = , where [■, ■] is the Nijenhuis bracket; see [T71 page 38] ). 

All of the examples of generalized complex structures of ^ are in normal form. 
Similarly, we have the following example, due to [2] . 

Example 4.2. Let G be a compact Lie group of even rank assumed, for simplicity, 
semisimple. Let g be the Lie algebra of G and let t be the Lie algebra of a maximal 
torus in G. 

Let c be a Borel subalgebra of containing t*^ . Any such Borel subalgebra is 
obtained by choosing a base for the root system of corresponding to (see 
[16] ): c = © 0Q^o0"' where is the root space of corresponding to the 
root a. 

As 0" = (see [6] ), we have c + c = and c fl c = . Consequently, c 
corresponds to a left invariant co-CR structure C on G (for any a G G, we have 
that Ca is the left translation of c , at a) . 
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Let a; be a linear symplectic form on t (dimt = rankG is even), extended to q 
such that LxOJ = for any X G 0q,^oS°- shall denote by the same letter u 
the left invariant two-form on G, determined by u. 

Then L{C,iuj) is a generalized complex structure on G in normal form. 

The next result follows from the proof of [121 Theorem 4.35] . 

Theorem 4.3. Let L be a regular generalized almost complex structure on M 
and let L' he the associated almost Poisson structure. 
Then the following assertions are equivalent: 

(i) L is integrable. 

(ii) vr(L) and L' are integrable and, locally, for any submersion p : M — ?► P, 
with dimP = rank(7r(L')) and p*{L') a symplectic structure on P, we have that, 
up to a B -field transformation, L is in special normal form with respect to the 
f -structure on M determined by vr(L) and 7r(L) fl ker dp. 

Next, we formulate the notion of holomorphic map between generalized com- 
plex manifolds. 

Definition 4.4. A map between generalized almost complex manifolds is holo- 
morphic if, at each point, its differential is generalized complex linear. 

The following result is the smooth version of Proposition 13.51 . 

Proposition 4.5. Let ip : {M,Lm) — > {N,Ln) be a map between generalized 
complex manifolds. 

Then the following assertions are equivalent: 
(i) ip is holomorphic. 

(i) On an open neighbourhood of each regular point of Lm on which Lp has 
constant rank, up to B-field transformations, (p is an f -holomorphic Poisson 
morphism between generalized complex manifolds in special normal form. 

(iii) On an open neighbourhood of each regular point of Lm on which ip 
has constant rank, up to B-field transformations, (p is the product of a Poisson 
morphism between symplectic manifolds and a holomorphic map between complex 
manifolds. 

Proof. This is an immediate consequence of Proposition 12.61 . Theorem 4.35] 
and Theorem 14.31 . □ 

Next, we give examples of holomorphic maps between generalized complex 
manifolds. 
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Example 4.6. The classical liolomorphic maps, the Poisson morphisms between 
symplectic manifolds, and their products are, obviously, holomorphic maps be- 
tween generalized complex manifolds. 

Moreover, by Proposition 14.51 . any holomorphic map if : {M,Lm) {N,Li\f) 
between generalized complex manifolds is, locally, of this form on an open neigh- 
bourhood of each regular point of Lm on which (p has constant rank. 

Example 4.7. Let G be a compact Lie group endowed with the generalized 
complex structures L = L{C,iu) of Example 14.21 . 

Then {G X G,Lx L) ^ (G,L(C,|w)), (a, 6) ^ ab-\ is a holomorphic map. 

Furthermore, let K be the maximal torus of G whose Lie algebra is used to 
define C. Obviously, d(f{C) defines a left invariant complex structure on G/K , 
where ip : G ^ G/K is the projection. 

Then ip : {G,L) — )■ (^G/K,dip{C)) is a holomorphic map. 

Example 4.8. Let G/H be a compact inner symmetric space (see [HI page 23] 
for the definition and [6l page 38] for a table of examples) with rankG(= rank if) 
even; denote by q and f) the Lie algebras of G and H, respectively. 

Endow G with the generalized complex structures L(C,iuj) of Example 14.21 . 
determined by a Borel subalgebra c of containing the Lie algebra of a maximal 
torus of H (also a maximal torus of G, as G/H is inner). 

It follows that D = cnf)*^ is a Borel subalgebra of f)*^ . Let V be the left invariant 
co-CR structure induced by , on H, and let i] = ijj\h ■ 

Then the inclusion map from (if, i?])) to (G, L(^C, i w)) is holomorphic. 

Fairly similar examples can be obtained by working with nilpotent Lie groups 
endowed with the generalized complex structures of [9] . 

The following facts are immediate consequences of the definitions. 

Remark 4.9. 1) A map between regular generalized almost complex manifolds 
is holomorphic if and only if it is a co-CR Poisson morphism, with respect to the 
associated almost co-CR and Poisson structures. 

2) Let if : {M,Lm) {N,Ln) be a diffeomorphism between generalized com- 
plex manifolds. Then ip is holomorphic if and only if, in an open neighbourhood 
of each regular point of M, we have p^ {Lm) = Lat , up to i?-field tranformations. 

3) The composition of two holomorphic maps, between generalized (almost) 
complex manifolds is holomorphic. 

4) Let L = L{E, e) be a regular generalized complex structure on M. Then the 
holomorphic (local) functions on (M, L) are just the co-CR holomorphic functions 
on (M, E) . Equivalently, if E is locally defined by the submersion p : M ^ {N, J) 
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onto the complex manifold (A^, J) (that is, E = dip"^ (T^'^A^) ) then, locally, any 
holomorphic function on (M, L) is the composition of (p followed by a holomorphic 
function on (A^, J) . 

From Theorem 12.31 we obtain the following result. 

Proposition 4.10. Let {M,Lm) and {N,Ln) be regular real analytic generalized 
complex manifolds and let if : M ^ N be a real analytic map. 

If (f is holomorphic then, locally, up to the complexification of a real analytic 
B -field tranformation, the complexification of (p descends to a complex analytic 
Poisson morphism between canonical Poisson quotients. 

Let L{E., ie) be a generalized complex structure in normal form on a Riemann- 
ian manifold (M, g) . 

Then E is coisotropic (that is, E-^ is isotropic), with respect io g , ii and only 
ii E r\ E is locally defined by pseudo-horizontally conformal submersions onto 
complex manifolds (a map from a Riemannian manifold to an almost complex 
manifold is pseudo-horizontally conformal if it pulls back (1, 0)-forms to isotropic 
forms) . 

Also, if has constant norm, with respect to g , where dim(£'n-E') = 2k , then 
the leaves oi E n E are minimal sub manifolds of (M, g) . 
Conversely, we have the following: 

Example 4.11. Let (p : {M,g) — )■ {N,J) be a pseudo-horizontally conformal 
submersion from a Riemannian manifold onto an almost complex manifold, with 
dim M = dim A^ + 2 . 

Denote = ker dip , Jif = and let oj be the volume form of 'Y . Also, 
let F be the unique skew-adjoint almost /-structure on M such that kerF = 
and, with respect to which, f is co-CR holomorphic. Obviously, F and u; are 
compatible; denote by L the corresponding generalized almost complex structure 
in normal form. 

From Proposition 14.11 it follows that L is integrable if and only if J is inte- 
grable, the fibres of 93 are minimal and the integrability tensor of is of type 
(1, 1) ; note that, if dimM = 4 then this is equivalent to the condition that is a 
harmonic morphism (see |5] ), where A^ is endowed with the conformal structure 
with respect to which J is a Hermitian structure. 

Moreover, any generalized complex structure, in normal form, on a Riemannian 
manifold such that the corresponding /-structure is skew-adjoint, the associated 
Poisson structure has rank two and its symplectic form has norm 1 is, locally, 
obtained this way. 
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The pseudo-horizontally conformal submersions with totally-geodesic fibres 
onto complex manifolds, for which the integrability tensor of the horizontal dis- 
tribution is of type (1, 1) , admit a twistorial description from which it follows 
that they abound on Riemannian manifolds of constant curvature [TH] (cf. |S] ). 

Also, see |1] for a study of the harmonic pseudo-horizontally conformal sub- 
mersions with minimal fibres and [5] for twistorial constructions of harmonic 
morphisms with two-dimensional fibres on four- dimensional Riemannian mani- 
folds. 

5. Generalized Kahler manifolds 

We start this section by recalling from |12j a few facts on generalized Kahler 
manifolds. 

A generalized (almost) Kahler manifold is a manifold M endowed with two 
generalized (almost) complex structures such that the corresponding sections jTi 
and J^2 of End (TM © T*M) commute and J1J2 is negative definite. 

Any generalized almost Kahler structure (Li, L2) on a manifold M corresponds 
to a quadruple {g, b, J^,J) where g is a. Riemannian metric, 6 is a two-form and 
J± are almost Hermitian structures on (M, g) . The (bijective) correspondence is 
given by Li = L"*" © L~ , L2 = L"*" © L~, where 

= {X+{b± g){X) \XeV^] 

with the eigenbundles of J± corresponding to i . 

According to Theorem 6.28] , the following assertions are equivalent: 

(i) Li and L2 are integrable. 

(ii) Lj^ and L_ are integrable. 

(iii) J± are integrable and parallel with respect to = ± \g~^h , where 
is the Levi-Civita connection of g and h = db (equivalently, J± are integrable 

and d^Wi = , where u± are the Kahler forms of J±). 

Now, if we (pointwisely) denote Ej = 7i{Lj) , (j = 1,2), then Ei = + 
and E2 = V+ + W. Hence, E^ = V+ r\V- , E^ = V+ r\W and, therefore, E^ 
and E2 are coisotropic. 

Remark 5.1. Let {M, Li, L2) be a generalized Kahler manifold. 

1) The (skew-adjoint) almost /-structures Fj determined by Ej and Ej- are 
integrable; we call Fj the f -structures of Lj , (j = 1, 2) . 

2) The holomorphic functions of (M, Li) and (M, L2) are the bi-holomorphic 
functions of (M, J+, J_) and (M, J+, — J_) , respectively. 
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Let = ker( J+ =1= J_) . Then and are orthogonal; this follows from 
je+ = {V+ n V-) © {V+ n V-) and je~ = {V+ n V^) © {V+ nW) . Denote 
r = (jr+© jr-)^. 

Note that, J^~^, Jf~ and '5^ are invariant under J+ and J_ . Also, J+ — J_ 
and J+ + J_ are invertible on 1^. 

Proposition 5.2. The following assertions are equivalent: 

(i) Li and L2 are regular. 

(ii) and are distributions on M. 

(iii) y is a distribution on M . 

Proof. The obvious relations 

El = (v+ n v-)^ = (v+ nv-) ® J^' ®y , 
E2 = {v+nW)^ = (v+nF^ ©^+©r 

imply 

El nEl = j^- ® y = (^+)^ , 

which show that (i)<^==^(ii) . 

Also, as the dimensions of J^'^ and are upper semicontinuous functions 

on M, assertion (ii) holds if and only if © (= is a distribution on 

M. □ 

Next, we prove the following result. 

Theorem 5.3. Let (M, Li, L2) be a generalized Kdhler manifold with Li regular. 
Then the following assertions are equivalent: 

(i) ^+ is integrable. 

(ii) is geodesic. 

(iii) ^+ zs a holomorphic distribution on (M, 7+) . 

(iv) zs a holomorphic distribution on (M, J_) . 

Furthermore, if (i) , (ii) , (iii) or (iv) holds then Jif^ is a holomorphic foliation 
on (M, J±) and its leaves, endowed with {g, J±) , are Kdhler manifolds. 

To prove Theorem 15.31 we need some preparations. 

Let be a distribution on a Riemannian manifold (M, g) endowed with a 
linear connection V; denote Y = M'^. 

The second fundamental form of with respect to V, is the "^-valued sym- 
metric two-form on M' defined by B-^[X, Y) = \ 'f xY + VyX) ; then 
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is geodesic, with respect to V, if and only if B"^ = (cf. [5] ). 
The next result follows from a straightforward calculation. 

Lemma 5.4 (cf. [22] )• Let {M,g,J) be a Hermitian manifold endowed with a 
distribution and a conformal connection V such that V J = . 
// Y is integrable and J -invariant then the following relation holds: 

2g{B^\jX,Y),V) + g{l^\X,Y),JV) = g{TiV,JX),Y) + g{TiV,X),JY) , 

for any X,Y E M' and V E Y , where T is the torsion of V and is the 
integrability tensor of M' , defined by I-^i^X, Y) = —y[X, Y] , for any sections X 
and Y of jr. 

To prove Theorem 15.31 we also need the following lemma. 

Lemma 5.5. Let (M, J) be a complex manifold and let Jif be a complex vector 
subbundle of {TM, J) . The following assertions are equivalent: 

(i) is integrable. 

(ii) is a CR structure and M' is a holomorphic distribution on (M, J) . 

Proof. This follows from the fact that assertion (ii) holds if and only if for any 
any sections X, Y of and Z of T^'^M we have that [X, Y] is a section of 

^I'O and [X, Z] is a section of J^^'^ © T^'^M. □ 

Proof of Theorem \5.3[ We may assume that, also, L2 is regular. 

Obviously, the second fundamental form of with respect to V^, is equal 
to the second fundamental forms of Jif~^, with respect to V^. 

As Li and L2 are integrable we have that Ei and E2 are integrable and, con- 
sequently, J^~^ © Y and © y are integrable; in particular, the integrability 
tensor of takes values in Y. Furthermore, J^"*" © Y and © Y are holo- 
morphic with respect to both J+ and J_ . 

Now, by applying Lemma EH to = Jif^ twice, with respect to V'^ and V~, 
we quickly obtain 

ig{B'^\j±X,Y),V) = -g{r'^\x,Y),{J+ + J^){V)) , 

for any X,Y e M"^ andV e As J+ + J- is invertible on we obtain 

that (i)^^(ii) . 

The equivalences (iii)<^=4>(i)<^=^(iv) follow quickly from Lemma 15.51 and the 
fact that the eigenbundles of J±\^+ corresponding to i are equal to fl V~ 
which is integrable. 

To complete the proof just note that if is integrable then {g, b, J+, J_) 
induces, by restriction, a generalized Kahler structure on each leaf L of and 
J+ = J_ on L . □ 
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Remark 5.6. 1) Let (M, Li, L2) be a generalized Kahler manifold with Li regu- 
lar. If is integrable then, by Theorem 15.31 . the co-CR structure associated to 
Li (that is, El) is, locally, given by holomorphic Riemannian submersions from 
{M,g, J±) onto Kahler manifolds (P, h, J) ; in particular, the leaves of J€'~^, en- 
dowed with (^f, J±) can be, locally, identified with (P, h, J) . 

2) If (M, Lf , Lf ) and (A^, Lf , L^) are generalized Kahler manifolds with ^ 
and Jifj^ integrable distributions then any holomorphic map ip : (M, L^) — >■ 
(iV, Lj^) descends, locally (with respect to the Riemannian submersions of Re- 
mark 152^1) ), to a holomorphic map between Kahler manifolds. 

Let {Mj, Qj, Jj) be Kahler manifolds, (j = 1,2). Then on Mi x M2 there 
are two nonequivalent natural generalized Kahler structures: the first product is 
just the Kahler product structure whilst the second product is given by Li = 
L{T^'^Mi X TM2, i W2) and L2 = L(T^'°M2 x TMi, iwi) , where 00 j are the Kahler 
forms of Jj , (j = 1, 2) ; see Section |6], below, for the corresponding definitions in 
a more general setting. Note that, both Li and L2 are in normal form; moreover, 
the corresponding almost /-structures are skew-adjoint (and, thus, unique with 
this property). 

We end this section with the following consequence of Theorem 15.31 (cf. [21 
Theorem A] ) . 

Corollary 5.7. Any generalized Kahler manifold with Y = is, up to a unique 
B-field transformation, locally given by the second product of two Kahler mani- 
folds. 

Proof. Let {M, Li, L2) be a generalized Kahler manifold with Y = . Then, 
Proposition 15.21 implies that are complementary orthogonal distributions on 
M. 

As Li and L2 are integrable, we have Jif^ integrable. Furthermore, by Theorem 
15.31 . we have that are geodesic foliations which are holomorphic with respect 
to both J± ; moreover, {g, J±) induce, by restriction, Kahler structures on their 
leaves. 

If L2 = L{E2,e2) then, from the definitions it follows that 62 = {b — iri)\E2 , 
where rj is the two-form on M characterised by tx'? = if X G and ri\,^+ 
is the Kahler form of J+\,^+. As {Cxv)0^j ^) = ^^J sections X of 
and Y, Z of JT^, and {de2){X, Y, Z) = for any X,Y,Z e E2, we obtain that 
(d6)(X, Y,Z) = for any X e V+ n J^^ {= E2 n Jf") and Y, Z e V+ n J^+. 
Furthermore, from Lemma [5.41 . applied to Jif = with J = J+ and V = V"*", 
we obtain (d6)(X, Y, Z) = for any X e J^- and Y, Z e V+ n 

It follows that d6 = and the proof is complete. □ 
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6. Tamed symplectic and generalized Kahler manifolds 
The following definition is fairly standard. 

Definition 6.1. A tamed almost symplectic manifold is a manifold M endowed 
with a nondegenerate two-form e and an almost complex structure J such that 
e{JX, X) > for any nonzero X G TM. 

A tamed symplectic manifold is a tamed almost symplectic manifold (M, e, J) 
such that J and e~^J*e are integrable and de = . 

Obviously, (M, e, J) is a tamed symplectic manifold if and only if e is a sym- 
plectic form, T^'^M and (T^'^M) " are integrable, and e{JX,X) > 0, for any 
nonzero X G TM. 

The next result also appears, in a different form, in [13] . 

Theorem 6.2. Let M be a manifold endowed with a nondegenerate two- form e 
and an almost complex structure J; denote J+ = J and J_ = —e~^J*e . Let g 
and b be the symmetric and skew- symmetric parts, respectively, of eJ. 
Then the following assertions are equivalent: 

(i) (M, e, J) is a tamed symplectic manifold. 

(ii) ((7, 6, J+, J_) defines a generalized Kahler structure such that 7+ + J_ is 
invertible. 

Moreover, up to a unique B-field transformation, any generalized Kahler struc- 
ture, on M , with J+ + J_ invertible is obtained this way from a tamed symplectic 
structure. 

Proof. Firstly, note that e{J+X, Y) = -e{X, J_F) , for any X,Y e TM. This 
implies that 

^?(x,y)=ie((j+ + j_)(x),y) , 

6(X,F)=ie((J+- J_)(X),F) , 

for any X, F G TM. 

Therefore (M, e, J) is a tamed almost symplectic manifold if and only if the 
quadruple {g, b, J-) defines a generalized almost Kahler manifold with J^ + J^ 
invertible. 

Now, with respect to J± , we have w± = — e^'^, b^'^ = and 6^'*^ = ±ie^'°. It 
quickly follows that if J± are integrable then de = if and only if d'^u± = =F dfe . 
We have thus proved that (i)<^=^(ii) . 

Suppose that {g, b, J+, J_) corresponds to the generahzed Kahler structure 
(Li,L2) on M. Then J_|_ + J_ is invertible if and only if vr(L2) = TM. Hence, 
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if J_|_ + J_ is invertible then, up to a unique i?-field transformation, we have 
L2 = L{TM,ie) for some symplectic form e on M and, consequently, 

ie{X - iJ+X, F) = (6 + g){X - iJ+X, y) , 

^ ■ i£(X + iJ_X,F) =(6-^)(X + iJ_X,F) , 

for any X,Y E TM. By using the fact that J+ + J_ is invertible, from f l6.2p we 
quickly obtain that g and b satisfy (16 .ip . Together with the fact that g and b are 
sjTumetric and skew- symmetric, respectively, this shows that J_ = —e^^J^e and 
the proof follows. □ 

It is easy to rephrase Theorem 16.21 so that to obtain the description of gener- 
alized Kahler manifolds with 7+ — J_ invertible. 

Let (M, Lf^ , L^) and {N, , L^) be generalized Kahler manifolds correspond- 
ing to the tamed symplectic manifolds {M,eM, Jm) and {N,eN, Jn) , respec- 
tively. Then (M x N, Lf x Lf , Lf x L^) and (M x N, Lf x , Lf x Lf ) are 
called the first and second product of (M, Lf^ , L^) and (X, L^, L^) , respectively; 
note that, the first product is the generalized Kahler manifold corresponding to 
(M X X, Em + £iv, Jm X Jjv) • 

Corollary 6.3. Any generalized Kahler manifold with M'^ an integrable distri- 
bution and M'~ = is, up to a unique B-field transformation, locally given by the 
first product of a Kahler manifold and a generalized Kahler manifold for which 
both J+ + J_ and J+ — J_ are invertible. 

Proof. Let (M, Li, L2) be a generalized Kahler manifold with J^"*" a distribution 
and = . Then, by Theorem 16.21 . up to a unique 5-field transformation, we 
have that (M, Li, L2) corresponds to the tamed symplectic manifold (M, e, J) . 

Thus, by ( 16. ip , we have Lxb = for any X G J^"*" and e = rj + e' where rj 
and e' are the two-forms on M characterised by lxT] = , (X G 1^) , lxe' = , 
(X G ^+) , = w+ on ^+ , and e' = e on Y. 

If, further, M'^ is integrable then, by Theorem 15.31 . it is also geodesic and 
its leaves endowed with ((7, J) are Kahler manifolds; in particular, dr] = on 
. As, also, and are holomorphic foliations, it quickly follows that 

{Cx'U){Y, Z) = for any sections X of Y and Y, Z of Jf^; consequently, dr] = . 

We have thus obtained de' = which implies {Cx£') (Y, Z) = for any sections 
X of and Y, Z of Together with (jHl]) , this gives {Cxb){Y, Z) = and 
{Cxg)iy, Z) = for any sections X of Jif'^ and y, Z of in particular, this 
shows that 'f is geodesic. The proof follows. □ 

Obviously, a result similar to Corollary 16.31 holds for any generalized Kahler 
manifold with = and an integrable distribution. 
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Corollary 6.4. Let (M, Li, L2) be a generalized Kdhler manifold such that L2 is 
in normal form with respect to its f -structure and the two-form e on M. 

Then, in a neighbourhood of each regular point of Li , we have that (M, Li, L2) 
is the second product of a Kdhler manifold and a generalized Kdhler manifold 
determined by a tamed symplectic manifold. 

Proof. Assume Li regular. Define e±. to be the (complex linear) two-forms on 
T+'°M + rl'°M such that e± = e on T]f^M and Lxe± = if X G T^'^M. 

Obviously, <le± = on T^'^M. Also, from the fact that ix^± = if X G 
r^'°M it quickly follows that if X±, F±, Z± G T^'^M then de±(X^, F^, Z±) = ; 
together with the fact that e = e+ + £_ on TJi'^M + T^^M., this implies that 
de±(X±, y±, = . Thus, we have proved that de± = on T+'°M + t1'°M. 

Therefore kere± = T^^ © {T^^ fl is integrable which implies that 

is an antiholomorphic distribution on (M, J^) . Hence, by Lemma [5.51 . we have 
that is integrable and the proof follows from Theorem 15.31 and the fact that 
kere = ^-. □ 

Let (M, e, J) be a tamed almost symplectic manifold. With the same notations 
as in Corollary 16.41 . if {M, Li, L2) is the generalized Kahler manifold determined 
by (M, e, J) then, from (EH) , it follows that Li = L{tI'°M + t1^'°M, ie+ -ie„) . 

Theorem 6.5 (cf. [TB] ). Let (M, e, J) be a tamed almost symplectic manifold and 
let (M, Li,L2) be the corresponding generalized almost Kdhler manifold; denote 
by : T^M — )■ M the projections. 

If (M, Li, L2) is generalized Kdhler then J± are integrable and pf{L2) are holo- 
morphic Poisson structures on (M, J±) , respectively. Furthermore, the converse 
holds if also J+ — J_ is invertible; moreover, in this case, if {M^ Li, L2) is gen- 
eralized Kdhler then pf{L2) are holomorphic symplectic structures on {M,J±) , 
respectively. 

Proof. Assume, for simplicity, that (M, e, J) is real analytic. Also, we may assume 
Li regular. If (M, Li, L2) is generalized Kahler then, by passing to the complexifi- 
cation of (M, e, J) , from Proposition 11.31 and the proof of Corollary 16.41 we obtain 
that pf{L2) are the canonical Poisson quotients of L(T^'^M + T°'^M, i%) . 

If J+ ± are invertible and J± are integrable then pf{L2) are holomorphic 
Poisson structures on (M, J±) if and only if de± = . □ 

We call the pf{L2) of Theorem 16.51 the holomorphic Poisson structures associ- 
ated to (M,Li,L2) . 
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Remark 6.6 (cf. [15] , [13] ). 1) Let (M, Li, L2) be a generalized Kahler manifold 
with J+ + J_ invertible. Denote by ri± the (real) bivectors on M which deter- 
mine the holomorphic Poisson structures on (M, J±) , respectively, associated to 
{M, Li, L2) ; that is, with respect to J± , we have 77^'^ = and the holomorphic 
bivectors corresponding to pf{L2) are 77^'°, respectively. 
It quickly follows that 

where (M, e, J) is the tamed symplectic manifold associated to (M, Li, L2) . 

Hence, the symplectic foliation associated to 77+ is given by y{= im( J+ — J_) ) . 

2) If the generalized almost Kahler structure (Li, L2) on M corresponds to the 
quadruple {g, b, J+, J_) then (L2, Li) corresponds to {g, b, J+, —J-) ■ Assume that 
(M, Li, L2) is a generalized Kahler manifold with J+ + J_ and J+ — J_ invertible 
and let 77+ and r/^ be the bivectors which determine, as in (1) , the holomor- 
phic symplectic structures associated to (M, Li, L2) and (M, L2, Li) , respectively. 
Then fl6.3p implies that 77'^ = —77+ . 

Next, we prove some results on holomorphic maps between generalized Kahler 
manifolds. 

Corollary 6.7. Let (M, Li,L2) he a generalized almost Kahler manifold with 
J+ + J_ and J+ — J_ invertible. 

If if : M ^ M is a diffeomorphism then any two of the following assertions 
imply the third: 

(i) (p : (M, Li) — (M, Li) zs holomorphic. 

(ii) (y9 : (M, L2) — )■ (M, L2) holomorphic. 

(iii) [d(^ , J+ J_] = . 

Proof Let L = L{tI'°M + t1'°M,£i) . By using the first relation of ([HI]) , we 
obtain 

(6.3) (Im£i)(J+- J_) = e(J+ + J_) , 

which, firstly, shows that if (iii) holds then (i)<^=^(ii) . 

Furthermore, (16.31) implies that e~^(lmei) is skew-adjoint, with respect to g, 
and, consequently, e — Imei is invertible. This fact together with (16. 3 p proves 
that (i) , (ii)^(iii) . □ 

Corollary 6.8. Let {M.,L\^ .,L^) and (A^, L^,L^) be generalized Kahler mani- 
folds, with + J^^ and + .J^ invertible, and let ip : M ^ N be a map. 

(i) // <p : (M, Lf ) ^ (A^, Lf ) and ip : (M, ) ^ (A^, J^) are holomorphic 
then if is a holomorphic Poisson morphism between the corresponding associated 
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holomorphic Poisson manifolds; moreover, the converse holds if Lp is an immer- 
sion. 

(ii) // : (M, Lf ) ^ (A^, L^) and, either, ^ : (M, ) ^ (A^, ) or 
(f : (M, J^''^) — i- (A^, J^) are holomorphic maps then (f is a holomorphic Pois- 
son morphism between the associated holomorphic Poisson structures. 

Proof. Assertion (i) follows from Proposition 11.31 and the proof of Theorem 16.51 . 

To prove (ii) , note that if (p : {M,L^) — )■ (A^, L^) is holomorphic then ip : 
(M, Jf ) (A^, J^) is holomorphic if and only if : (M, J*^) ^ (A^, J^) is 
holomorphic. The proof quickly follows from Remark I^TW l) . □ 

If (5') J±) are Kahler structures on M then {g, 0, J+, J J) corresponds to a gen- 
eralized Kahler structure (Li, L2) on M; furthermore, if 6 is a closed two- form on 
M then ((7,6, J+, J_) corresponds to ((exp6)(Li), (exp6)(L2)) . 

Example 6.9 (cf. [15] ). Let (M, (7, /, J, i^) be a hyper-Kahler manifold. Denote 
by uj , uj , lok the Kahler forms of J, J, i^', respectively, and let e = —{uj + ijJk) ■ 
Then (M, e, J) is a tamed symplectic manifold. The corresponding generalized 
Kahler structure (Li,L2) is given by {g,b, J+, J^) , where b = uj , J+ = J and 
J_ = /ST. Also, Li = L{T^M,2ui - i{ujj - wx)) , ^2 = L{T^M, -i{uj + w^^)) 
and = — 1(0;/ — iuj) , = — (wx — iui) . 

We end with a generalization of Corollaries 15.71 and 16.31 . 

Theorem 6.10. Let {M, Li, L2) be a generalized Kahler manifold. Then the 
following assertions are equivalent: 

(i) © Jif~ is an integrable distribution. 

(ii) Locally, up to a B-field transformation, {M, Li, L2) is the first product of 
a generalized Kahler manifold for which J+ ± J_ are invertible and the second 
product of two Kahler manifolds. 

Proof. By applying Lemma 15.41 to M' = © Jif^ twice, with respect to 
and V~, we obtain 

2^(i?-^^"®-^-( J_,X+, X_), V) + ^(/■^^"®-^^-(^+, ^-), J+V) 

= {db){V, J+X+,X_) + {db){V,X^, J+X_) , 

2^(5^"®^-(J-,X+,X.),V)+^(/-^^®^-(X+,X_),J_\/) 

= -{db){V, J+X+,X_) + {db){V,X+, J+X_) , 

for any X± G Jif^ and V E Y. Consequently, we, also, have 

(6.5) ^(/^"®^'(X+,X_),(J+- J_)(\/))=2d6(r, J+X+,X_) , 
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for any X± G and F G r. 

Suppose that (i) holds. Then, by (16. 5 p , we have d6(V,X+,X_) = , for any 
X± G and V ^ 'Y . Moreover, from Corollaries 15.71 and 16.31 it follows that 
d6(X, y, = if X, F, Z G + © or X G M'^ and F, Z G r © M'^. 

As d(d6) = , this shows that d6 is basic with respect to © M'~ . Hence, 
locally, there exists a two-form 6', basic with respect to © ^ such that 
d6 = dfe'. 

Furthermore, from f l6.4p and f l6.5p we obtain B'^"^®'^ (X+,X_) = , for any 
X-i- G J^^. Together with Theorem 15 . 3 1 and Corollary 16.31 . this shows that 'f and 
© M'~ are geodesic foliations on (M, (7) . 

Thus, we have proved that {M, Li, L2) is the first product of a generalized 
Kahler manifold with J^~^ = = and a generalized Kahler manifold with 
y = . Hence, by Corollary 15.71 . assertion (ii) holds. 

The implication (ii)^^(i) is trivial. □ 
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